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Abstract
A shear band of finite length, formed inside a ductile material at a
certain stage of a continued homogeneous strain, provides a dynamic per-
turbation to an incident wave field, which strongly influences the dynamics
of the material and affects its path to failure. The investigation of this per-
turbation is presented for a ductile metal, with reference to the incremental
mechanics of a material obeying the J2–deformation theory of plasticity (a
special form of prestressed, elastic, anisotropic, and incompressible solid).
The treatment originates from the derivation of integral representations
relating the incremental mechanical fields at every point of the medium
to the incremental displacement jump across the shear band faces, gener-
ated by an impinging wave. The boundary integral equations (under the
plane strain assumption) are numerically approached through a collocation
technique, which keeps into account the singularity at the shear band tips
and permits the analysis of an incident wave impinging a shear band. It is
shown that the presence of the shear band induces a resonance, visible in
the incremental displacement field and in the stress intensity factor at the
shear band tips, which promotes shear band growth. Moreover, the waves
scattered by the shear band are shown to generate a fine texture of vibra-
tions, parallel to the shear band line and propagating at a long distance
from it, but leaving a sort of conical shadow zone, which emanates from
the tips of the shear band.
1 Introduction
When a ductile material is subject to severe strain, failure is preluded by the
emergence of shear bands which initially nucleate in a small area, but quickly
1Corresponding author: Davide Bigoni fax: +39 0461 282599; tel.: +39 0461 282507; web-
site: http://www.ing.unitn.it/∼bigoni/; e-mail: bigoni@ing.unitn.it.
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extend rectilinearly and accumulate damage, until they degenerate into fractures.
Therefore, research on shear bands yields a fundamental understanding of the
intimate rules of failure1, so that it may be important in the design of new
materials with superior mechanical performances.
Modelling of a shear band as a slip plane embedded in a highly prestressed
material and perturbed by a mode II incremental strain, reveals that a highly
inhomogeneous and strongly focussed stress state is created in the proximity of
the shear band and aligned parallel to it. This evidence, together with the fact
that the incremental energy release rate blows up when the stress state approaches
the condition for ellipticity loss, may explain the rectilinear growth of shear bands
(documented in several experiments, [21, 25, 53, 54]) and the reason why they
are a preferred mode of failure for ductile materials [9, 12, 36, 40, 43].
Although dynamic effects play an important role on shear band growth and
related failure development, most of the analyses conducted so far were limited
to quasi-static conditions, while numerical simulations addressing the dynamics
of shear bands are scarce (and referred to high strain-rate loading [11, 19, 26,
28, 27, 34, 31, 51, 58]). The aim of the present article is to investigate dynamic
perturbations in the stress/deformation fields of an incident wave, induced by a
shear band of finite length, formed inside a ductile metal, at a certain stage of
a continued strain. The shear band is modelled as possessing null thickness and
thus behaving as a discontinuity surface, an assumption which is motivated by
the experimental observation [41, 47, 57] that thicknesses in metals are on the
order of micrometres, while lengths can reach millimeters, so that a thickness-to-
length ratio of order 10−3 is considered to be negligible. Hence, the incremen-
tal behaviour of a prestressed, elastic, anisotropic and incompressible material,
containing a finite-length shear band of negligible thickness, is analyzed in the
dynamic regime. To this purpose, integral representations are derived (under
the plane strain condition2 and assuming ellipticity and homogeneity of the ma-
terial properties), relating the incremental fields at every point of the medium
to the incremental displacement jump across the shear band faces, which orig-
inates from an impinging wave. The integral equations are numerically solved
with an ad hoc developed collocation method, which allows for the treatment of
the singularities present at the tips of the shear bands and provides a basis for
the analysis of dynamic disturbances propagating in a solid near the boundary of
ellipticity loss. The collocation technique was previously used for crack problems
[13, 16, 20, 30, 44, 45, 48], not for shear bands, and presents several advantages
when compared with finite element methods (see for instance [11, 27, 31]), the
main ones being: (i.) only the boundary of the shear band is discretized; (ii.) an
1The fact that shear bands initiate the complex mechanism of failure in ductile materials is
the reason for which a great research effort has been devoted to this topic, see among others
[32, 33, 38, 49]
2 Results presented in this article can be extended to three dimensional deformation by
using the Green’s function derived in [1].
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infinite medium is naturally embodied; (iii.) the radiation damping condition is
automatically satisfied, avoiding spurious wave reflection at ficticious boundaries.
Although the developed formulation is general, so that it includes as special
cases neo-Hookean, Mooney-Rivlin and Ogden incompressible elasticity [4, 14],
results are presented for a model of ductile metals, namely, the J2–deformation
theory of plasticity [24]. It is shown that when a metal is severely strained (near
the border of failure of ellipticity) and a shear band is already formed inside of it
(providing a weak surface of low stiffness), a complex interaction with incoming
waves is developed, showing a narrow focusing of the deformation, which em-
anates from the shear band tips, and the emergence of a fine texture of short
wavelength vibrations parallel to the shear band. The wave texture extends to
a large distance from the shear band and the wavelength vanishes, when failure
of ellipticity is approached, so that a conical shadow zone is evidenced, originat-
ing from the tip of the shear band, where the scattered wave field is strongly
attenuated. Moreover, a resonance wavelength is observed, amplifying the dis-
placement jump across the shear band and the stress intensity factor at its tips,
thus promoting shear band growth.
2 Incremental constitutive equations and dynamic
Green’s function
Biot [14] has shown that the most general incremental response of a hyperelastic
incompressible material deformed in plane strain can be characterized in terms
of the Zaremba-Jaumann derivative of the Cauchy stress
∇
σ,
∇
σ= σ˙ −Wσ + σW, (1)
(where W is the incremental rotation tensor and σ˙ is the increment of Cauchy
stress) as
∇
σ11 − ∇σ22= 2µ∗ (D11 −D22) , ∇σ12= 2µD12, (2)
where, in an updated Lagrangean description (in which the current state is used
as reference), µ and µ∗ are two incremental shear moduli, respectively parallel
and inclined at 45◦ with respect to the x1−axis [4], and Dij are the in-plane
components of the Eulerian strain increment tensor D, which has to satisfy the
incompressibility constraint trD = 0.
In terms of the unsymmetric nominal stress increment t˙, related to the Zaremba-
Jaumann derivative of the Cauchy stress as
t˙ =
∇
σ −σW −Dσ, (3)
the constitutive equations (1), together with the incompressibility constraint, can
be rewritten as
t˙ij = Kijklvl,k + p˙δij, vi,i = 0, (4)
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where, vi is the incremental displacement, p˙ is the incremental hydrostatic stress
and δij is the Kronecker delta (indices range between 1 and 2, a comma denotes
partial differentiation). The fourth-order tensor Kijkl of the instantaneous mod-
uli, posseses the major symmetry Kijkl = Kklij (but not the two minor), and is
defined in components as
K1111 = µ∗ − σ
2
− p, K1122 = −µ∗, K1112 = K1121 = 0,
K2211 = −µ∗, K2222 = µ∗ + σ
2
− p, K2212 = K2221 = 0,
K1212 = µ+
σ
2
, K1221 = K2112 = µ− p, K2121 = µ− σ
2
,
(5)
where the prestress parameters σ and p are the in-plane deviatoric and mean
stresses, functions of the principal Cauchy stresses, respectively, as
σ = σ1 − σ2, p = σ1 + σ2
2
. (6)
The constitutive equations (4)–(5) are representative of a broad class of ma-
terial behaviours, including all possible elastic incompressible materials which
are orthotropic with respect to the current principal stress directions. Note that
initial orthotropy may find interesting applications in the field of fibre-reinforced
elastic materials.
In this article attention is focused on the behaviour of ductile metals, which
can be represented through the J2–deformation theory of plasticity, whose con-
stitutive equations (Hutchinson and Neale, 1979) in plane strain reduce to
σ1 − σ2 = K
(
2√
3
)N+1
|ε1|N−1ε1, (7)
where K is a stiffness parameter, N ∈ (0, 1] a hardening exponent and ε1 = −ε2
are the logarithmic strains, related to the principal stretches λ1 = 1/λ2 via ε1 =
log λ1 = −ε2 = − log λ2. The incremental moduli µ and µ∗, defining equation
(4), can be written as
µ =
1
3
Es (ε1 − ε2) coth (ε1 − ε2), µ∗ = 1
9
Es
ε2e
[
3(ε1 + ε2)
2 +N(ε1 − ε2)2
]
, (8)
where Es is the secant modulus to the effective-stress/effective-strain curve, given
by
Es = K
(
2√
3
)N−1
|ε1|N−1. (9)
Note that the out-of-plane stress increment can be calculated from the ex-
pression
∇
σ33= trσ˙/3 = p˙. (10)
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The equations of incremental motion can be written as
t˙ij,i + f˙j = ρ
∂2vj
∂t2
, (11)
where ρ is the mass density, f˙j the incremental body force, and t denotes the time.
For time-harmonic motion with circular frequency Ω, the incremental displace-
ment field vi(x) exp(−iΩt) can be derived from a stream function ψ(x) exp(−iΩt),
introduced as
v1 = ψ,2, v2 = −ψ,1. (12)
A substitution of equation (4) in equation (11) yields the differential equation
(1 + k)ψ,1111 + 2 (2ξ − 1)ψ,1122 + (1− k)ψ,2222 + f˙1,2
µ
− f˙2,1
µ
+
+
ρ
µ
Ω2 (ψ,11 + ψ,22) = 0, (13)
where k is a dimensionless measure of the deviatoric pre-stress and ξ a dimen-
sionless parameter quantifying the amount of orthotropy
k =
σ
2µ
, ξ =
µ∗
µ
, (14)
which for the J2–deformation theory of plasticity (8) become
k =
1
coth(2ε1)
, ξ =
N
2ε1 coth(2ε1)
. (15)
The principal part of the differential equation (13) is the same of the quasi-
static case and defines the regime classification in terms of the following coeffi-
cients
γ1
γ2
}
=
1− 2µ∗/µ±
√
(1− 2µ∗/µ)2 + k2 − 1
1 + k
, (16)
so that either two real and negative (in the so-called ‘elliptic imaginary regime’ de-
noted by EI) or two complex-conjugate (in the so-called ‘elliptic complex regime’
denoted by EC) coefficients are only possible in the elliptic range, to which the
present study is restricted.
Note that for a tensile prestress, the Hill condition, which excludes every
incremental bifurcation [4, 22, 42], is given by (for µ > 0)
0 < p/µ < 2ξ,
k2 + (p/µ)2
2p/µ
< 1, (17)
while a surface instability occurs for compressive prestress when [4, 23]
4ξ − 2p/µ = (p/µ)
2 − 2p/µ+ k2√
1− k2 . (18)
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The infinite body Green’s functions can be found by solving equation (13)
when the body force is given by the Dirac delta function δ(x), i.e. f˙jδ(x). Intro-
ducing a plane wave expansion for the incremental displacement vgi of the Green’s
state
vgi (x) = −
1
4pi2
∮
|ω=1|
v˜gi (ω · x)dω, (19)
the following representation can be obtained from equation (13) in the trans-
formed domain
v˜gi (ω · x) =
(δ1iω2 − δ2iω1)(δ1gω2 − δ2gω1)
L(ω)
[Ci(η | ω · x |) cos (η ω · x)+
+Si(η ω · x) sin (η ω · x)− ipi
2
cos (η ω · x)],
(20)
where Ci and Si are the cosine integral and sine integral functions, respectively,
and
L(ω) = µ(1 + k)ω42
(
ω21
ω22
− γ1
)(
ω21
ω22
− γ2
)
> 0, (21)
with
η = Ω
√
ρ
L(ω)
. (22)
The gradient of the incremental displacement (19) can be written as
vgi,k(x) = −
1
4pi2
∮
|ω|=1
v˜gi,k(ω · x)dω (23)
where
v˜gi,k(ω · x) = ωk
δig − ωiωg
L(ω)
[
1
ω · x − ηΞ(ηω · x)
]
(24)
and
Ξ(α) = sin(α)Ci(|α|)− cos(α)Si(α)− ipi
2
sin(α). (25)
The plane wave expansion (13) has been developed in [6] and [7]. Finally the
Green’s function for incremental nominal stresses can be derived from the con-
stitutive equations (4) as
t˙g11 = (2µ∗ − p) vg1,1 + p˙ig, t˙g12 = (µ− p) vg1,2 + (µ+ µk) vg2,1,
t˙g21 = (µ− p) vg2,1 + (µ− µk) vg1,2, t˙g22 = − (2µ∗ − p) vg1,1 + p˙ig.
(26)
3 The shear band model
A shear band of finite length 2l is a very thin layer of material subject to intense
shear, emerging inside a ductile material at a certain stage of a uniform deforma-
tion path with a well-defined inclination, measured from the σ1–principal axis of
6
stress in terms of the angle θ0 defined as
θ0 = arccot
√
1 + 2 sign(k)
√
ξ(1− ξ)
1− 2ξ , (27)
and calculated at ellipticity loss [4, 23] within the constitutive framework pre-
sented in Section 2. The shear band is characterized by a high compliance to
shear parallel to it, so that it can be modelled by assuming that the incremental
nominal traction tangential to the shear band vanishes, while the normal nomi-
nal traction and the normal component of the incremental displacement remain
continuous. Introducing the jump operator [[ ]] as
[[g]] = g+ − g−, (28)
[where g+ and g− denote the limits approached by the field g(x) at the disconti-
nuity surface] and two reference systems, namely, x1 − x2 aligned parallel to the
orthotropy axes of the material and xˆ1 − xˆ2 aligned parallel to the shear band,
Fig. 1, the conditions holding along the shear band are the following.
• Null incremental nominal shearing tractions:
tˆ21(xˆ1, 0
±) = 0, ∀|xˆ1| < l. (29)
• Continuity of the incremental nominal traction orthogonal to the shear
band:
[[tˆ22(xˆ1, 0)]] = 0, ∀|xˆ1| < l. (30)
• Continuity of the incremental displacement component orthogonal to the
shear band:
[[vˆ2(xˆ1, 0)]] = 0, ∀|xˆ1| < l. (31)
The above equations show that the shear band is modelled as a (null-thickness)
discontinuity surface, which is more general than a crack (because a shear band
can carry a finite compressive tractions across his faces), but may represent a dis-
location [2, 55, 56]; in metals the null-thickness assumption is strongly motivated
by the experimental observation [41, 47, 57] that a shear band thickness-to-length
ratio is of the order 10−3 since lengths of shear bands can reach millimeters, while
their thickness is confined to only a few micrometres. In the absence of prestress,
the shear band model reduces to a weak surface whose faces can freely slide and
at the same time are constrained to remain in contact, but when a prestress is
present, the shear band model differs from that of a sliding planar surface [5].
The prescriptions (29)–(31) have been directly borrowed from those defining the
onset of a shear band in a material [4].
The analysis of the shear band will be restricted to a tensile prestress and the
value of the normalized in-plane mean stress, p/µ, will be selected in such a way
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Figure 1: A plane shear wave (sketched as a moving deck of cards) is impinging a shear band of
finite-length (2l) in a prestressed, orthotropic material. The shear band (aligned parallel to the
xˆ1–axis) is inclined at an angle ϑ (positive when anticlockwise) with respect to the orthotropy
axes x1 and x2 (aligned parallel to the prestress state); the wave is inclined at an angle β with
respect to the x1-axis.
that the Hill exclusion condition (17) is satisfied, so that spurious bifurcations
will not affect the dynamics near the shear band, which is analyzed as follows.
Assuming a time-harmonic motion of circular frequency Ω, a wave character-
ized by an incremental displacement field vinc(x)e−iΩt travels through the medium
and is incident upon the shear band. Then, a scattered incremental displacement
field vsc(x)e−iΩt is generated by the interaction of the incident wave with the shear
band such that the total incremental displacement field v(x)e−iΩt is represented
as the sum
v = vinc + vsc. (32)
The scattered field vsc must satisfy the radiation condition at infinity and the
conditions of energy boundedness near the shear band edge. Outside the shear
band, the incremental displacement field satisfies the equations of motion, which
written in terms of the stream function ψ reduce to equation (13) with null body
force.
The incident wave field is represented by an incremental, time-harmonic plane
8
wave propagating with phase velocity c in a direction defined by the unit propa-
gation vector p [35] and having the form
vinc = Adei
Ω
c
(x · p−ct), (33)
where A is the amplitude, d is the direction of motion and c the wave velocity.
Since the wave (33) propagates in an incompressible material, isochoricity implies
d · p = 0, (34)
so that the incident wave is transverse, with the motion orthogonal to the propa-
gation direction. A substitution of equation (33) into equation (13), written with
f˙1,2 = f˙2,1 = 0, and use of equation (34) yield the following expression for the
wave speed
c2 =
µ
ρ
[
(1 + k)p41 + 2 (2ξ − 1) p21p22 + (1− k)p42
]
, (35)
which, setting p1 = cos β and p2 = sin β and
c1 =
√
µ(1 + k)/ρ, (36)
provides
c(β) = c1 sin
2 β
√
(cot2 β − γ1) (cot2 β − γ2). (37)
Note that in the limits β → 0 and β → pi, c tends to c1, which represents the
speed of a wave traveling in the direction of the x1–axis.
4 Integral representation for the dynamics of a
shear band
The scattered field vsc satisfies the extension of the Betti identity provided in
[7, 15]
vscg (y) =
∫
∂B
(
t˙ijniv
g
j (x,y)− t˙gij(x,y)nivj
)
dlx, (38)
where ∂B represents the boundary of the shear band, which is made up of two
straight lines of length 2l, with external unit normals of opposite sign, so that
equation (38) can be specialized for a shear band to
vscg (y) = −
∫ l
−l
(
[[t˙ij]]niv
g
j (xˆ1,y)− t˙gij(xˆ1,y)ni[[vj]]
)
dxˆ1. (39)
Because the incremental traction is continuous across the shear band, equations
(29)–(30), the following boundary integral equation is obtained
vscg (y) =
∫ l
−l
t˙gij(xˆ1,y)ni[[vj]] dxˆ1, (40)
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which provides the incremental displacement at every point in the body as func-
tion of the jump of the incremental displacement [[vj]] across the shear band.
The gradient of the incremental displacement can be evaluated from the in-
tegral equation (40) as
vscg,k(y) = −
∫ l
−l
t˙gij,k(xˆ1,y)ni[[vj]] dxˆ1, (41)
so that from the constitutive equations (4) the incremental stress can be written
as
t˙sclm(y) = −Klmkg
∫ l
−l
t˙gij,k(xˆ1,y)ni[[vj]] dxˆ1 + p˙(y)δlm, (42)
where the incremental in-plane mean stress p˙, for the moment unknown, can be
determined from the following boundary integral equation [8]
p˙(y) = −
∫
∂B
t˙ig ni p˙
g(x− y) dlx +
∫
∂B
ni vj Kijkg p˙g,k(x− y) dlx+
−
∫
∂B
vi ni
[(
4µµ∗ − 4µ2∗ + µσ − 2µ∗σ −
σ2
2
)
v11,11(x− y)+
−σ
(
µ+
σ
2
)
v22,11(x− y) + ρΩ2W (x− y)
]
dlx,
(43)
where p˙g is the incremental in-plane mean stress of the Green’s state
p˙g = p˙ig − σ
2
vg1,1, (44)
in which
p˙ig =
ωg(2µ∗ − µ)(1− ω2g) + (µ− (δ2g − δ1g)σ2 )ω2g
L(ω)
[
1
ω · x − ηΞ(ηω · x)
]
+
+ ωgηΞ(ηω · x) (45)
and
W˜ =
[
4 (µ− µ∗)ω22 − σ
]
v˜22(ω · x) + log |ω · x|. (46)
Introducing for ∂B the straight boundary of the shear band, xˆ1 ∈ [−l, l], equation
(43) becomes
p˙(y) = −
∫
∂B
[[t˙ig]]ni p˙
g(x− y) dlx +
∫
∂B
ni [[vj]]Kijkg p˙g,k(x− y) dlx+
−
∫
∂B
[[vi]]ni
[(
4µµ∗ − 4µ2∗ + µσ − 2µ∗σ −
σ2
2
)
v11,11(x− y)+
−σ
(
µ+
σ
2
)
v22,11(x− y) + ρΩ2W (x− y)
]
dlx,
(47)
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which, considering the continuity of incremental tractions, equations (29)–(30),
and the continuity of the normal component of the incremental displacement
across the shear band (31) reduces to
p˙(y) =
∫ l
−l
ni [[vj]]Kijkg p˙g,k(xˆ1,y) dxˆ1. (48)
In order to determine the incremental displacement jump [[vj]], unknown in
equation (40), the point y is assumed to approach the shear band boundary. De-
noting with s the unit vector tangent to the shear band, the boundary conditions
at the shear band become
n · t˙(sc)s = −n · t˙(inc)s, (49)
so that equation (40) can be rewritten as
tˆ
(inc)
21 (y) = nlsmKlmkg
∫ l
−l
t˙gij,k(xˆ1,y)ni[[vj]] dxˆ1. (50)
Equation (50) represents the boundary integral formulation for the dynamics
of a shear band interacting with an impinging wave. The kernel of the integral
equation (50) is hypersingular of order r−2 as r → 0, being r the distance between
field point x and source point y
r = |x− y| =
√
(x1 − y1)2 − (x2 − y2)2. (51)
Note that the integral on right-hand side of equation (50) is specified in the
finite-part Hadamard sense.
The solution for an inclined shear band in an infinite medium can be expressed
in the inclined reference system sketched in Fig. 1.
The components of the vector of incremental displacements v in the reference
system x1–x2, can be expressed in the local reference system xˆ1–xˆ2 as
v = Qvˆ, [Q] =
[
cosϑ − sinϑ
sinϑ cosϑ
]
, (52)
so that, due to the boundary conditions (31)
[[vj]] = Qj1[[vˆ1]] = sj[[vˆ1]], (53)
equation (50) can be given the final form
tˆ
(inc)
21 (y) = nlsmKlmkg
∫ l
−l
t˙gij,k(xˆ1,y)nisj [[vˆ1]] dxˆ1, (54)
showing that the dynamics of a shear band is governed by a linear integral equa-
tion in the unknown jump of tangential incremental displacement across the shear
11
band faces, [[vˆ1]]. It is worth noting that the gradient of the Green incremental
stress tensor, constituting the kernel of the boundary integral equation, turns out
to be the sum of a static part t˙g(st)ij,k and a dynamic part t˙
g(dyn)
ij,k , whose expressions
are given in Appendix A, leading to
tˆ
(inc)
21 (y) = nlsmKlmkg
∫ l
−l
(
t˙
g(st)
ij,k (xˆ1,y) + t˙
g(dyn)
ij,k (xˆ1,y)
)
nisj [[vˆ1]] dxˆ1. (55)
Note that a simplification of the equation (54) in the case of a horizontal shear
band (θ = 0) is provided in Appendix B.
5 Boundary integral equations and numerical pro-
cedure
The treatment of the boundary integral equation (55) requires the development
of an ad hoc numerical procedure, which needs the implementation of a spe-
cial strategy to enforce the singular behaviour at the band tips, similar to that
developed for cracks in [44, 45].
Since both field and source points x and y lie on the xˆ1–axis, equation (54)
can be rewritten as
tˆ
(inc)
21 (yˆ) = nlsmKlmkg
∫ l
−l
t˙gij,k(xˆ, yˆ)nisj [[vˆ]](xˆ) dxˆ, (56)
where the index ‘1’ has been dropped, so that xˆ, yˆ and [[vˆ]] replace respectively
xˆ1 , yˆ1 and [[vˆ1]].
The shear band segment is divided into Q intervals [xˆ(q), xˆ(q+1)] (q = 0, . . . , Q−
1; xˆ(0) = −l, ; xˆ(Q) = l) and a linear variation of the incremental displacement
jump [[vˆ]] is assumed within each interval, with the exception of the two intervals
situated at the shear band tips, where a square root variation of the incremental
displacement jump [[vˆ]] is adopted:
[[vˆ]](xˆ(q) + ζ∆q) = [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ (q = 1, . . . , Q− 2), (57)
[[vˆ]](xˆ(q) + ζ∆q) = [[vˆ]](q+1)
√
ζ (q = 0), (58)
[[vˆ]](xˆ(q) + ζ∆q) = [[vˆ]](q)
√
1− ζ (q = Q− 1), (59)
where ∆q = |xˆ(q+1) − xˆ(q)|, ζ ∈ [0, 1] and [[vˆ]](q)(q = 1, . . . , Q − 1) is the nodal
value of the incremental displacement jump (Figure 2). The square root variation
is adopted to take into account the singularity at the shear band tip, as is usual
for the crack tip problem [37, 44, 45, 48].
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Figure 2: The shear band line is divided in Q-intervals. Within each interval a linear variation
of the incremental displacement jump is assumed, with the exception of the two intervals at
the shear band tips.
When yˆ = xˆ(p) (p = 1, . . . , Q − 1) is assumed to be the source point, the
relevant integral equation becomes
tˆ
(inc)
21 (xˆ(p)) = nlsmKlmkgnisj∆0
∫ 1
0
t˙gij,k(xˆ(0) + ζ∆0, xˆ(p)) [[vˆ]](1)
√
ζ dζ+
+ nlsmKlmkgnisj
p−2∑
q=1
∆q
∫ 1
0
t˙gij,k(xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ+
+ nlsmKlmkgnisj
p∑
q=p−1
∆q
∫ 1
0
t˙gij,k(xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ+
+ nlsmKlmkgnisj
Q−2∑
q=p+1
∆q
∫ 1
0
t˙gij,k(xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ+
+ nlsmKlmkgnisj∆Q−1
∫ 1
0
t˙gij,k(xˆ(Q−1) + ζ∆Q−1, xˆ(p)) [[vˆ]](Q−1)
√
1− ζ dζ. (60)
In equation (60), the integrals which are singular for xˆ(q)+ζ∆q → xˆ(p) are relevant
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to the static kernel t˙g(st)12 and can be rearranged as
p∑
q=p−1
∆q
∫ 1
0
t˙
g(st)
ij,k (xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ =
∆p−1
∫ 1
0
t˙
g(st)
ij,k (xˆ(p−1) + ζ∆p−1, xˆ(p))[[vˆ]](p)ζ dζ+
+∆p
∫ 1
0
t˙
g(st)
ij,k (xˆ(p) + ζ∆p, xˆ(p))[[vˆ]](p)(1− ζ) dζ+
+∆p−1
∫ 1
0
t˙
g(st)
ij,k (xˆ(p−1) + ζ∆p−1, xˆ(p))[[vˆ]](p−1)(1− ζ) dζ+
+∆p
∫ 1
0
t˙
g(st)
ij,k (xˆ(p) + ζ∆p, xˆ(p))[[vˆ]](p+1)ζ dζ,
(61)
so that, by means of a change of variable, the integrals can be evaluated as
p∑
q=p−1
∆q
∫ 1
0
t˙
g(st)
ij,k (xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ =∫ ∆p
−∆p−1
t˙
g(st)
ij,k (rer) [[vˆ]](p) dr −
(
1
∆p−1
+
1
∆p
)∫ ∆p
−∆p−1
t˙
g(st)
ij,k (rer) [[vˆ]](p) r dr+
− 1
∆p−1
∫ 0
−∆p−1
t˙
g(st)
ij,k (rer) [[vˆ]](p−1) r dr +
1
∆p
∫ ∆p
0
t˙
g(st)
ij,k (rer) [[vˆ]](p+1) r dr,
(62)
with er = r/r. The non-null finite parts of the above integrals can be calculated
as ∫ ∆p
−∆p−1
t˙
g(st)
ij,k (rer) [[vˆ]](p) dr = T
g
ijk(θ)
(
− 1
∆p−1
− 1
∆p
)
[[vˆ]](p),
− 1
∆p−1
∫ 0
−∆p−1
t˙
g(st)
ij,k (rer) [[vˆ]](p−1) r dr = T
g
ijk(θ)
log ∆p−1
∆p−1
[[vˆ]](p−1),
1
∆p
∫ ∆p
0
t˙
g(st)
ij,k (rer) [[vˆ]](p+1) r dr = T
g
ijk(θ)
log ∆p
∆p
[[vˆ]](p+1)
(63)
and the function T gijk(θ) is explicitly provided in Appendix A.
In the particular cases when yˆ = xˆ(p) is assumed to be the source point and
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p = 1 or p = Q− 1, equation (60) has to be rewritten as
tˆ
(inc)
21 (xˆ(p)) = nlsmKlmkgnisj∆0
∫ 1
0
t˙gij,k(xˆ(0) + ζ∆0, xˆ(p)) [[vˆ]](1)
√
ζ dζ+
+ nlsmKlmkgnisj∆1
∫ 1
0
t˙gij,k(xˆ(1) + ζ∆1, xˆ(p))( [[vˆ]](1)(1− ζ) + [[vˆ]](2)ζ ) dζ+
+ nlsmKlmkgnisj
Q−3∑
q=2
∆q
∫ 1
0
t˙gij,k(xˆ(q) + ζ∆q, xˆ(p))( [[vˆ]](q)(1− ζ) + [[vˆ]](q+1)ζ ) dζ+
+nlsmKlmkgnisj∆Q−2
∫ 1
0
t˙gij,k(xˆ(Q−2)+ζ∆Q−2, xˆ(p))( [[vˆ]](Q−2)(1−ζ)+[[vˆ]](Q−1)ζ ) dζ+
+ nlsmKlmkgnisj∆Q−1
∫ 1
0
t˙gij,k(xˆ(Q−1) + ζ∆Q−1, xˆ(p)) [[vˆ]](Q−1)
√
1− ζ dζ. (64)
When p = 1, the finite parts of singular integrals can be evaluated as
∆0
∫ 1
0
t˙
g(st)
ij,k (xˆ(0) + ζ∆0, xˆ(p)) [[vˆ]](1)
√
ζ dζ+
+ ∆1
∫ 1
0
t˙
g(st)
ij,k (xˆ(1) + ζ∆1, xˆ(p)) [[vˆ]](1)(1− ζ) dζ =
= T gijk(θ)
(
− 9
8∆0
− ln ∆0
2∆0
− 1
∆1
− ln ∆1
∆1
)
[[vˆ]](1), (65)
while, when p = Q− 1, the finite parts of the singular integrals can be evaluated
as
∆Q−2
∫ 1
0
t˙
g(st)
ij,k (xˆ(Q−2) + ζ∆Q−2, xˆ(p)) [[vˆ]](Q−1)ζ dζ+
+ ∆Q−1
∫ 1
0
t˙
g(st)
ij,k (xˆ(Q−1) + ζ∆Q−1, xˆ(p)) [[vˆ]](Q−1)
√
1− ζ dζ =
= T gijk(θ)
(
− 9
8∆Q−1
− ln ∆Q−1
2∆Q−1
− 1
∆Q−2
− ln ∆Q−2
∆Q−2
)
[[vˆ]](Q−1). (66)
Hence, using a collocation method, thus assuming p = 1, . . . , Q− 1, a system of
Q − 1 algebraic equations is obtained which can be written in matrix form as
follows {
tˆ
(inc)
21
}
= [C] {[[vˆ]]} . (67)
The nominal shear traction tˆ(inc)21 generated by a shear wave impinging the
shear band can be obtained using equations (12) and (4) into equation (33), thus
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yielding
ˆ˙t
(inc)
21 (x) = τ0 e
iΩ
c
(p·x−ct)[(n21(η − 1)− (1− k)n22) cos2 θ0+
+ (n22(η − 1) + (1 + k)n21) sin2 θ0+
+ n1n2(η − 2ξ) sin 2θ0
]
.
(68)
where τ0 = iAµΩ/c is the maximum shear stress acting at the shear wave front
in the quasi-static limit, Ω → 0. For a wave traveling orthogonally to the shear
band, equation (68) reduces to a positive quantity, at least until strong ellipticity
holds true.
6 Results for the J2-deformation theory of plas-
ticity
A shear band is discretized with Q = 100 line elements and numerically analyzed
when inside a ductile metal whose behaviour is described by the J2-deformation
theory of plasticity. The incremental moduli are provided by equations (8) and
the hardening exponent is assumed to be N = 0.4, so that ellipticity is lost at the
critical value of the logarithmic strain ε1 ≈ 0.678. Results are presented below.
Wave propagation normal to the shear band
The direction of the wave propagation is now considered to be orthogonal to the
shear band faces, so that the whole front of the band is uniformly loaded. The
numerical solution of the linear system (67) allows to compute the longitudinal
displacement jump across the shear band, [[vˆ1]].
A validation of the developed numerical technique can be obtained, in the
limit Ω→ 0, by comparing with the analytic solution for the static case provided
by Bigoni and Dal Corso [9]. This validation is provided in Figure 3(a), where the
modulus of the displacement jump [[vˆ1]] (divided by the semilength of the shear
band) is plotted along the shear band line xˆ1. The validation turns out to be
excellent, as the analytic solution is superimposed to the numerical solutions, for
different values of the hardening exponent N (0.25, 0.4, 0.5), at respective levels
of prestrain close to the elliptic boundary (ε1 = 0.522, ε1 = 0.667, ε1 = 0.771).
The convergence of the numerical solution to the static -analytical- solution
(developed in [9]) is shown in Figure 3(b), where the (percent) error in the in-
cremental displacement jump [[vˆ]]q, evaluated at the middle of the shear band,
xˆ1/l = 0, is reported as a function of the number of the collocation points Q.
Two different sets of shape functions are considered, namely, linear shape func-
tions for the whole shear band in one case (circular spots), while in the other case
square-root shape functions are used only in the element at the shear band tip
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(square spots). It can be seen that in the middle of the shear band for Q = 100
the error is about 1% for both shape function sets.
With Q = 100 elements and the selected shape functions, the computing time
necessary to find the displacement jump across the shear band ranges between
15 and 20 minutes running the software Mathematica 11.2 in a computer AMD
Opteron cluster Stimulus (available at the ‘Instability Lab’ of the University of
Trento).
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Figure 3: The quasi-static behaviour of a shear band loaded with a remote shear (obtained
numerically in the limit Ω→ 0) is compared with an available analytical solution for different
hardening exponents N and prestrains near the elliptic border. Part (a): Modulus of dimension-
less displacement jump along the shear band line, xˆ1/l, for the J2-deformation theory of plastic-
ity and three hardening exponents N (0.25, 0.4, 0.5). Part (b): Percent error in the incremental
displacement jump [[vˆ]]q for different numbers of collocation points Q (10, 20, 50, 100, 200, 500),
and for two sets of shape functions (N = 0.4 has been considered). The errors are evaluated at
the middle of the shear band, xˆ1/l = 0, note that the circular and square spots are practically
superimposed for Q>200.
The dynamic shape of the displacement jump along the shear band line is
reported in Figure 4(a), referred to a prestrain ε1 = 0.667, close to the boundary
of ellipticity loss. This figure shows that, near the resonance frequency, the
displacement jump along the shear band assumes the quasi-static shape, but at
high frequency displays a markedly different behaviour [29], namely, it decades in
amplitude and displays an oscillation (see the green curve referred to Ωl/c1 = 6).
The variation with the wavenumber, Ωl/c1, (of the modulus) of the displace-
ment jump [[vˆ1]] (normalized with respect to the quasi-static value [[vˆ
(st)
1 ]]) is shown
in Figure 4(b) for several values of prestrain, ranging from 0 to ε1 = 0.667. In this
figure the maxima of the curves represent resonance condition (the displacement
grows, but does not blow-up to infinity, due to the radiation damping, properly
accounted for in the numerical solution), so that it is clear that an increase in the
prestrain leads to an amplification factor which grows from 20%, occurring at null
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prestrain, to 41%, occurring at a prestrain close to the border of ellipticity loss.
Results not reported for brevity show that a decrease in the hardening exponent
N shifts the resonance towards higher frequencies.
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Figure 4: Modulus of dimensionless displacement jump along the shear band line, xˆ1/l, for
the J2-deformation theory of plasticity. Part (a): different wavenumber are considered with
N = 0.4 and prestrain ε1 = 0.667. Part (b): the dimensionless displacement jump in the
middle of the shear band (xˆ1 = 0) is plotted as a function of the dimensionless frequency for
different values of prestrain with N = 0.4. Note that a resonance frequency is visible (the peak
of the curves) and that this resonance becomes more evident at increasing prestrain, when it
approaches the elliptic boundary.
The stress concentration at the shear band tips can be investigated using
the Stress Intensity Factor (SIF) and because only incremental shear stresses are
acting on the band, a Mode II SIF is adopted, which is defined as
KII = lim
xˆ1→l+
ˆ˙t21(xˆ1, xˆ2 = 0)
√
2pi(xˆ1 − l) (69)
which in the quasi-static case becomes
KstII =
ˆ˙t∞21
√
pi l. (70)
The SIF is also defined as a function of the displacement jump in the form [3, 18]
KII =
µ
√
2pi
4(1− ν)
[[vˆ]](1)√
∆0
, (71)
where [[vˆ]](1) is the displacement jump evaluated at the first inner node from the
tip of the shear band. Figure 5 reports the SIF, KII , normalized through the
quasi-static condition K(st)II , as a function of the of the wavenumber.
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Figure 5: Modulus of dimensionless mode II Stress Intensity Factor at the shear band tip as a
function of the wavenumber: (a) comparison with the analytical solution of Chen and Sih [17],
with null prestrain in the isotropic case with µ = µ∗, (b) for different levels of prestrain for a
J2 deformation theory with N = 0.4.
It has to be noted that Chen and Sih [17] developed an analytical solution for
the SIF pertinent to a crack impinged by an incident shear wave in a linear elastic
and isotropic body. This solution can be used to validate the developed numer-
ical procedure, as reported in part (a) of Figure 5, relative to a null prestrain.
Here the absolute value of the SIF (normalized with respect to the quasi-static
limit) is reported as a function of the wavenumber. The validation turns out
to be satisfactory, because for the tested angles β of the wave propagation, the
discrepancy is within 8%.
The dimensionless SIF for the shear band tips at different levels of prestrain is
reported in Figure 5(b) as a function of the dimensionless frequency. In the quasi-
static limit and for a null prestrain the SIF correctly tends to 1, while, when the
elliptic boundary is approached, the SIF blows up, reaching a value approximately
15 times the quasi-static value for a prestrain ε1 = 0.66, whereas at the elliptic
border it grows to infinity, coherently with the quasi-static behaviour, [9]. This
is once more the evidence of a resonance condition, with an increase of 41% of
the SIF with respect to the quasi-static case.
It is important to remark that both evidences presented in Fig. 4(c) and 5(b)
show that the presence of a shear band produces a resonance, evidenced through
a substantial growth in the jump of displacement across the shear band and in
the stress intensity factor at the shear band tip.
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Wave propagation inclined or parallel to the shear band
A wave obliquely impinging a shear band is now considered, with p · n different
from both 0 and 1. The shear traction can be derived from equation (68) and
is composed of a real symmetric part and an imaginary skew-symmetric part.
Therefore, the traction is non-symmetric with respect to the xˆ2-axis.
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Figure 6: Modulus of dimensionless displacement jumps (for a J2-deformation theory of
plasticity material with N = 0.4) along the shear band line, xˆ1/l, at various wavenumber.
For each wavenumber, four different inclinations β of the wave propagation are considered
(0, θ0, pi/2, pi/2 + θ0).
This can be noted in Figure 6, where, as in Fig. 4(b), the dimensionless
displacement jump is reported along the shear band line as a function of the
dimensionless frequency, for various inclinations of the wave propagation vector.
When the wave propagation is inclined at an angle β belonging to the interval
(−pi/2+θ0, pi/2+θ0), the maximum value of the displacement jump shifts towards
the right tip of the band.
Due to the fact that the wave is now inclined with respect to the shear band,
the stress intensity factors at the tips of the shear band are different [50], see
Figure 7, where the dimensionless SIF for the two tips (one denoted by ‘+’ and
the other by ‘−’) are reported as functions of the dimensionless frequency. It
can be observed that the higher the displacement jump, the higher is the SIF,
moreover a wave orthogonal to the shear band produces the largest value of the
SIF and therefore the maximum resonance.
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Incremental strain fields
The modulus of the incremental strain field (which is deviatoric, because of in-
compressibility) defined as (vi,jvi,j + vi,jvj,i) /2, can be computed by using the
gradient of the incremental displacement, equation (41), in the constitutive equa-
tions (4). In the following the modulus of the incremental strain field is computed
by using the real part of the gradient of incremental displacement, so that the
phase shift related to the imaginary part is not considered.
The modulus of the incremental strain field, computed at a prestrain level
of ε1 = 0.667 (i.e. close to the elliptic boundary) is reported in Figure 8, in
terms of scattered wave field (on the left) and in terms of total wave field (on
the right). Two incident waves with wavenumber Ωl/c1 = 1 are considered, one
orthogonal to the shear band (with inclination β = θ0 + pi/2) and the other
aligned parallel to the x1−axis (with inclination β = 0). These inclinations of
propagation represent the directions along which the wave velocity c assumes the
minimum and maximum values respectively, see equation (37).
It is worth noting that the wavenumber Ωl/c1 = 1 used for the computa-
tions corresponds to a wavelength in the direction orthogonal to the shear band,
2pilc/c1, which is approximately 1/6 of the shear band length, thus much greater
than the shear band thickness.
It can be noted that for both wave inclinations, the scattered field turns out to
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Figure 8: Scattered (left) and total (right) incremental strain field produced by a wave incident
to a shear band (in a J2-deformation theory of plasticity material with N = 0.4) orthogonally
to it (β = θ0 + pi/2) or aligned parallel to the x1−axis (β = 0). The wavenumber is Ωl/c1 = 1
and the level of prestrain is ε1 = 0.667, close to the elliptic boundary.
be a family of plane waves parallel to the shear band. The effect of this scattered
field on the total strain field is to produce a fine texture of parallel vibrations,
which superimposes on the impinging wave field. The texture shows a narrow
conical shadow zone emanating from the shear band tips, where the scattered
field is strongly attenuated and tends to disappear. This effect becomes more
visible in the case of β = 0, because incident and scattered waves propagate
in different directions, rather than in the case of wave travels orthogonal to the
band.
In the case of an incident wave with wavenumber Ωl/c1 = 1, propagating
in the direction parallel to the shear band, Figure 9 represents the scattered
and total strain fields for three increasing levels of prestrain (ε1 = 0.43, ε1 =
0.55, ε1 = 0.66). Starting from the lowest level of prestrain, the unperturbed
conical zone is already visible, but this zone tends to become narrower when the
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Figure 9: Scattered (left) and total (right) incremental strain field produced by a wave im-
pinging parallel to a shear band, β = θ0, (in a J2-deformation theory of plasticity material
with N = 0.4). Various levels of prestrain ε1 = 0.43, ε1 = 0.55, ε1 = 0.66 are reported with
wavenumber Ωl/c1 = 1.
elliptic boundary is approached.
The shadow zone is analyzed near the elliptic boundary as a function of the
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frequency, in particular, the upper left quarter of the map of the incremental
strain field is reported in Figure 10 for two frequencies (Ωl/c1 = pi/5,Ωl/c1 =
pi/2). This plot reveals that the shadow zone becomes more visible at frequencies
higher than the value corresponding to resonance.
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Figure 10: Incremental strain field near a shear band (in a J2-deformation theory of plasticity
material with N = 0.4) produced by a wave impinging parallel to the shear band, β = θ0 and
waveleght Ωl/c1 = pi/5 (upper part) and Ωl/c1 = pi/2 (lower part).
It is remarked that experimental results on time-harmonic vibration of shear
bands are not available in the literature. However, a close scrutiny of experiments
on dynamic propagation of shear bands induced by an impact loading reveals that
waves propagate in the material with the shear band inclination ([27], their figures
4, 5, 6, and 8), a feature also observed in our simulations (Figures 9 and 10).
Moreover, results relative to wave propagation in highly orthotropic materials
exhibit shadow zones similar to those visible in Figure 10 ([46], their figure 3).
Finally, experiments on wave propagation in an aluminum solid containing a crack
with attritive faces, which are prestressed in compression, ([10], their figure 8)
can be compared with results pertinent to Mooney-Rivlin material presented in
Appendix B. In both cases waves parallel to the discontinuity line are evidenced.
7 Conclusions
The dynamic effects induced by a shear band formed in a material strained close
to the failure of ellipticity can be analyzed through the development of ad hoc
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boundary integral equations and collocation techniques. Results show that the
shear band produces a complex dynamic interaction with impinging waves gen-
erating resonance at a certain frequency. This resonance promotes shear band
development, as can be revealed by the variation with frequency of the stress in-
tensity factor at the shear band tips. Moreover, the vibration pattern generated
near the shear band shows a fine development of plane waves and the formation
of a narrow zone of low incremental strain emerging from the shear band edges
and propagating with a conical shape. It is worth noting that the results ob-
tained in the present article can be generalized in several ways. In particular: (i.)
three-dimensional problems can be analyzed in which the shear band can assume
a complex form, for instance penny-shaped, conical or curved; (ii.) materials
with different constitutive equations and even materials different from metals,
for instance granular matter, can be considered; (iii.) transient dynamics may
be studied. In all these cases, the boundary integral equations developed in this
article are either still valid or require minimal modifications, so that only the
Green’s function has to be determined, a difficulty which can be attacked with
the methods shown in [1, 39, 52].
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A Appendix A
The gradient of the nominal stress tensor t˙gij,k is obtained by the plane wave
expansion as
t˙gij,k = −
1
4pi2
∫
ω
t˜gij,k(ω) dω, (A.1)
and it can be decomposed into a static and a dynamic contribution as
t˜gij,k(ω) = t˜
g(st)
ij,k (ω) + t˜
g(dyn)
ij,k (ω), (A.2)
which are defined as
t˜
g(st)
ij,k (ω) = −
F˜ gijk(ω)
(ω · x)2 , (A.3)
t˜
g(dyn)
ij,k (ω) =
[
ωgωkδij − F˜ gijk(ω)
]
η2Ξ′(ηω · x), (A.4)
25
where a prime denotes differentiation with respect to ω · x and
F˜ gijk(ω) = Kijhlωkωh
δlg − ωlωg
L(ω)
+
(
ωg(2µ∗ − µ)(1− ω2g)
L(ω)
+
+
(µ− (δ2g − δ1g))σ2ω2g
L(ω)
− σ
2
ωk
ω1ω
2
2
L(ω)
)
δij. (A.5)
By specifying the unit vector ω as
ω1 = cos(α + θ), ω2 = sin(α + θ), (A.6)
the static contribution (A.3) is strongly singular in both the variables α and r, so
that, to evaluate the plane wave expansion (A.1), the quantity t˜g(st)ij,k is regularized
as follows
t˜
g(st)
ij,k (ω) =
T˜ gijk (α, θ)
r2
, (A.7)
where
T˜ gijk = −
1
cos2 α
[
F˜ gijk(α + θ)−
(
F˜ gijk(α + θ)
)
α=pi/2
−
(
α− pi
2
)(
F˜ gijk(α + θ)
)′
α=pi/2
]
,
(A.8)
in which the prime denotes differentiation with respect to α.
B Appendix B
With reference to a Mooney-Rivlin material, the constitutive equation in plane
strain condition is always given in the form (4), where µ and µ∗ coincide and are
expressed in terms of the in-plane stretches λ ≥ 1 and 1/λ as
µ = µ∗ =
µ0
2
(λ2 +
1
λ2
). (B.1)
A shear band in a Mooney-Rivlin material, emerges and grows parallel to the
σ1-principal axis, with a null inclination, θ0 = 0. In order to approach the
elliptic/parabolic boundary, the limit of the prestress k → 1 (which formally
corresponds to infinite stretch) is considered.
Due to the inclination θ0 = 0, the integral equation (54) simplifies to
tˆ
(inc)
21 (y) =
∫ l
−l
[
(µ− p)t˙221,1(xˆ1,y) +
(
µ− σ
2
)
t˙121,2(xˆ1,y)
]
[[vˆ1]] dxˆ1. (B.2)
Figure 11 shows the scattered (upper part) and total (lower part) incremental
deviatoric strain fields, for a shear band in a Mooney-Rivlin material at prestress
k = 0.99, near the elliptic boundary. An incident wave is considered travelling
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parallel to the shear band (β = 0), with wavenumber Ωl/c1 = 1. The emergence
of plane waves, parallel to the shear band, can be noted and the formation of
a conical shadow zone is visible, which can be compared with the experimental
results on wave propagation in a rectangular aluminum block containing a crack
prestressed through compressive forces orthogonal to the crack faces [10] (their
figure 8).
2
-2
0
0 4 8-8 -4
0 4 8-8 -4
k=0.99
2
-2
0
2
-2
0
2
-2
0
x
l/1
x
l/2x l/2
x
l/2x l/2
Figure 11: Scattered (upper part) and total (lower part) incremental strain field produced by
a wave impinging parallel to a shear band, β = θ0, in a Mooney-Rivlin material. A wavenumber
Ωl/c1 = 1 and a prestress k = 0.99 (near the elliptic/parabolic boundary) have been considered.
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